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es.2012.1Abstract Pavement layers are the predominant type used in Saudi Arabian roads, it is necessary to
have roads with excellent pavements from the structural and functional points of view. The heat
distribution is highly inﬂuential in the pavement’s structural design and has a large effect on indirect
tensile stiffness modulus (ITSM). In this study, heat distribution through all the layers of the
pavement will be studied. The mathematical technique used in the present analysis is the
parameter-group transformation, the linear transformation group approach is developed to solve
the heat diffusion problems in the presence of thermal conductivity and heat capacity. These prob-
lems obeyed an unusual power law relation, subject to nonlinear boundary conditions due to radi-
ation exchange at the interface according to the fourth power law. The group theoretic approach
shrinks the number of independent variables by one, therefore a nonlinear ordinary differential
equation is obtained instead of the given nonlinear partial differential. The Runge–Kutta shooting
method is used to solve the resulting nonlinear ordinary differential equation to determine heat
distribution in the pavement layers of ‘‘Makkah’’ roads.
ª 2012 Production and hosting by Elsevier B.V. on behalf of King Saud University.Contents
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tion systems, which is developed in a rapid manner. Presently,
the road construction program is still under way in all the re-
gions of Saudi Arabia. The main function of these roads is to
connect the cities, towns and villages as far as possible through-
out the kingdom so; it is necessary to have roads with excellent
pavements from the structural and functional points of view.
Pavement layers have been the predominant type used in
Saudi Arabian roads and in other parts of the world, where
the majority of paved surfaces fall under the overall category
of pavement layers. Pavements may be classiﬁed as a conven-
tional or a full depth pavement. Conventional pavements are
layered systems that consist of an asphalt mixture over one
or more granular layers (base and sub-base) which, together
are constructed over sub-grade soil. Granular base and sub-
base layers are essential components of a pavement system
where their function is to reduce trafﬁc induced stresses in
the pavement structure and to minimize rutting in the base,
sub-base and sub-grades.
In this study, heat distribution through all the layers of pave-
ment in Makkah roads will be studied. The mathematical tech-
nique used in the present analysis is the parameter-group
transformation. The foundation of the group-theoretic method
is contained in the general theory of continuous transformation
groups that were introduced and treated extensively by Lie
(1881). The group methods, as a class of methods that lead to
a reduction of the number of independent variables, were ﬁrst
introduced by Birkhoff (1948), where he made use of one-
parameter transformation groups. Morgan (1952) presented a
theory that has improvements over earlier similarity methods.
In 1991, AbdelMalek et al. have applied groupmethods to study
ﬂuid ﬂow and heat transfer characteristics for steady laminar
free convection on a vertical circular cylinder. In 2005, Helal
et al. have applied the group method analysis intensively, to
study some problems in free-convective laminar boundary layer
ﬂowon anon-isothermal vertical circular cylinder. The advanta-
ges of the method are due to simplicity, and in reducing the
number of independent variables by one, consequently, yielding
complete resultswith lesser efforts.Hence it is applicable to solve
awider variety of nonlinear problems.Group-theoreticmethods
provide a powerful tool since they are not based on linear
operators, superposition, or any other aspects of linear solution
techniques. Therefore, these methods are applicable to nonlin-
ear differential models, which will be used in this study.
2. Literature review
The pavement typically consists of a wearing course bitumi-
nous composite built over a base course and sub-base resting
on a compacted sub-grade (Yoder and Witzak, 1975). The base
may be either stabilized by asphalt, cement, lime, or other sta-
bilizers; or untreated using granular material having speciﬁc
physical properties.
The pavement should be designed to resist rutting, thermal
and load induced cracking, moisture damage (stripping), andpossess adequate fatigue life. Additional requirements include;
durability, skid resistance and economy. The extent to which
the asphaltic surface agrees with these requirements is mainly
determined by the mixture constituents, mixture design, thick-
ness design, construction factors and environmental conditions
(Alawi, 2000).
Sub-grade characteristics and performance are inﬂuential in
pavement structural design. Characteristics such as heat distri-
bution, load bearing capacity, moisture content and expansive-
ness will inﬂuence not only structural design but also long-term
performance and cost. Sub-grade materials are typically char-
acterized by their resistance to deformation under load, which
can be either a measure of their strength or stiffness. In gen-
eral, the more resistant to deformation a sub-grade is, the more
load it can support before reaching a critical deformation va-
lue. Three basic sub-grade stiffness/strength characterizations
are commonly used in California Bearing Ratio (CBR).
In the years 2004–2008 the maximum air temperatures at
the city of Makkah in Saudi Arabia were found to be 48 C,
47 C, 48 C, 47 C and 48 C, respectively, while the minimum
temperatures for the city were found to be 19 C, 18 C, 20 C,
19 C and 19 C, respectively (Surface Annual Climatological
Report, 2008).
Pavement temperatures remain in the range of 25–50 C for
most of the year in the eastern regions of Saudi Arabia. High
temperatures (>50 C) exist for about 26% of the year in the
upper layer, while very high temperatures (>65 C) are at-
tained at a depth of 20 mm for only 2% of the time. Low tem-
peratures (<10 C) were observed at depths of 20 mm for only
3% of the time. These results were obtained from annual tem-
perature distribution data (Al-Abdulwahhab and Ramadhan,
1995).
3. Mathematical formulation of the problem
The energy equation in a rectangular coordinate system can
be used to determine heat distribution in pavement layers;
wearing course and base course (which are asphaltic concrete
mixtures), sub-base and sub-grade (unbound materials).
Fig. 1 represents an example of a pavement consisting of
wearing course (5 cm thick), base course (8 cm thick), and
a sub-base of 25 cm thick and sub-grade of 300 cm, respec-
tively. A heat transfer from the surface of the region takes
place simultaneously by convection to an external environ-
ment having a heat transfer coefﬁcient that varies with re-
spect to time ‘‘h(t)’’ and by radiation to the surrounding,
the temperature of this surrounding is maintained at ‘‘q(t)’’.
Finally, the initial temperature is assumed to be zero
throughout the solid.
The above transient heat conduction problem can be de-
scribed by the following governing equation in dimensionless
form (Davies, 1985, 1988) as:
qiðxÞCiðTiÞ
@Ti
@t
¼ @
@x
KiðTiÞ @Ti
@x
 
;
Wearing course (L1, ρ1, C1, K1, T1)
Base course (L2, ρ2, C2, K2, T2)
Sub-base (L3, ρ3, C3, K3, T3)
Sub-grade (L4, ρ4, C4, K4, T4)
Radiation to 
enclosure at q(t) 
Convection to external 
environment with ( )h t , 1T
Figure 1 Radiation between the wearing course and the
enclosure.
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qiðxÞCiðTiÞ
@Ti
@x
¼ KiðTiÞ @
2Ti
@x2
þ dKiðTiÞ
dTi
@Ti
@x
 2
; xi1
6 x 6 xi; i ¼ 1; 2; 3; 4 and x0 ¼ 0; x1
¼ L1; x2 ¼ L2; x3 ¼ L3; x4 ¼ L4; t > 0 ð3:1Þ
with the following boundary conditions (Koizumi et al., 1985;
Mikhailov and Cotta, 1998; Asllanaj et al., 2002):
K1ðT1Þ @T1
@x
þ hðtÞT1 ¼ re T41  q4ðtÞ
 
at x ¼ 0; ð3:2Þ
T1ðx; tÞ ¼ T2ðx; tÞ; x ¼ L1; t > 0 ð3:3Þ
K1ðT1Þ @T1ðx; tÞ
@x
¼ K2ðT2Þ @T2ðx; tÞ
@x
; x ¼ L1; t > 0 ð3:4Þ
T2ðx; tÞ ¼ T3ðx; tÞ; x ¼ L2; t > 0 ð3:5Þ
K2ðT2Þ @T2ðx; tÞ
@x
¼ K3ðT3Þ @T3ðx; tÞ
@x
; r ¼ L2; t > 0 ð3:6Þ
T3ðx; tÞ ¼ T4ðx; tÞ; x ¼ L3; t > 0 ð3:7Þ
K3ðT3Þ @T3ðx; tÞ
@x
¼ K4ðT4Þ @T4ðx; tÞ
@x
; x ¼ L3; t > 0 ð3:8Þ
K4ðT4Þ @T4ðx; tÞ
@x
þ h1T4ðx; tÞ ¼ 0; x ¼ L4; t > 0 ð3:9Þ
and the following initial condition
Tiðx; tÞ ¼ 0; xi1 6 x 6 xi; i ¼ 1; 2; 3; 4; t ¼ 0 ð3:10Þ
where
KiðTÞ ¼ KiTs and CiðTÞ ¼ CiTp; ð3:11Þ
the exponents ‘‘s’’ and ‘‘p’’ are constants, ‘‘Ki’’ and ‘‘Ci’’ are
the thermal conductivity and the heat capacity, respectively.
‘‘r’’ and ‘‘e’’ are the Stefan–Boltzmann constant and the sur-
face emissivity coefﬁcient, respectively. The arbitrary func-
tions: density qi(x), heat transfer coefﬁcient h(t), and
temperature of the surroundings q(t). The geometry of the re-
gion is speciﬁed in Fig. 1.The primary attention with the system deﬁned by Eqs.
(3.1)–(3.10) is the boundary condition (3.2), which represents
convection with an external environment through a variable
heat transfer coefﬁcient, h(t), in addition, a radiation exchange
according to the fourth power law between the surface of the
region and a surrounding surfaces occurred. However, mathe-
matical difﬁculty can arise, since the variable heat transfer and
the nonlinearity term render the problem non-separable, and
as a result a solution by any of the standard analytical tech-
niques is not possible. In this research, an efﬁcient solution
methodology is proposed which is well suited to handle nonlin-
ear problems with variable boundary condition coefﬁcients.4. Group theory method and similarity equations
Group G, a class of one parameter (a) is used to reduce the
heat Eqs. (3.1)–(3.10) to a system of ordinary equations in
one variable (x, t). This group formulates as
G : Q ¼MQðaÞ þUðaÞ; ð4:1Þ
where Q stands for x, t, Ti, K, C, q, h, q and bothM and U are
real valued and at least differentiable in the real argument a.
First- and second-order partial derivatives of the variables
are obtained from G via chain rule operations:
Qi ¼ M
Q
Mi
 
Qi; Qij ¼ M
Q
MiMj
 
Qij i ¼ x; t; j ¼ x; t: ð4:2Þ
Eq. (3.1) is said to be invariantly transformed whenever
KiðTÞ @
2Ti
@x2
þ dKiðTÞ
dTi
@Ti
@x
 2
 qðrÞCðTÞ @T
@t
¼ HðaÞ KiðTiÞ @
2Ti
@x2
þ dKðTiÞ
dTi
@Ti
@x
 2
 qiðxÞCiðTiÞ
@Ti
@t
" #
ð4:3Þ
for some function H(a) which may be a constant.
Substitution from Eq. (4.2) into Eq. (4.3), and following the
standard transformation procedures, the one-parameter group
G is obtained, which transforms invariantly the differential
equation (3.1), as well as the boundary conditions (3.2). The
group G is of the form:
G : x ¼ x; t ¼Mtt; Ti ¼MTTi; Ki ¼ ðMTÞ3Ki; qi
¼Mqqi; Ci ¼
ðMTÞ3Mt
Mq
Ci; h ¼ ðMTÞ3h; q ¼MTq: ð4:4Þ
Use the group (4.4) to represent the problem (3.1)–(3.10) in the
form of an ordinary differential equation. Then proceed in
analysis to obtain a complete set of absolute invariants.
If g= g(x, t) is the absolute invariant of the independent
variables, then
gjðx; t;Ti;Ki;Ci; qi; h; qÞ ¼ Fj½gðx; tÞ; j ¼ 1; 2; 3; . . . ; 6 ð4:5Þ
which are the six absolute invariants corresponding to Ti, Ki,
Ci, qi, h, and q. If a function g= g(x, t; Ti, Ki, Ci, qi, h, q) is
an absolute invariant of a one parameter group it satisﬁes
the following ﬁrst-order linear differential equation, according
to Moran and Gaggioli (1968)
Table 1 Thermal parameters of the pavement and underlying
layers.
Layer Thickness (m) K (W K1 m1) C (kJ/kg/C) q (kg/m3)
Wearing 0.05 2.5 1 2300
Base 0.08 1.8 1.1 2200
Sub-base 0.25 1.8 0.9 2200
Sub-grad 30 1.5 0.85 1500
Figure 2 Effect of temperature on ITSM (Al-Abdulwahhab and
Ramadhan, 1995).
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i¼1
ðAiQi þ BiÞ @g
@Qi
¼ 0; ð4:6Þ
where Qi stands for x, t; T, K, C, q, h and q, and;
Ai ¼ @M
Qi
@a
ða0Þ; Bi ¼ @U
Qi
@a
ða0Þ; i ¼ 1; 2; . . . ; 8 ð4:7Þ
where a0 is the identity element of the group.
Owing to Eq. (4.6), g(r, t) is an absolute invariant if it
satisﬁes;
ðA1xþ B1Þgx þ ðA2tþ B2Þgt ¼ 0: ð4:8Þ
Group (4.4) gives A1 = B1 = B2 = 0, without loss of general-
ity, we can obtain
gðx; tÞ ¼ x: ð4:9Þ
By a similar analysis the absolute invariants of the dependent
variables Ti, Ki, Ci, qi and q are;
qðtÞ ¼ EðtÞ/ðgÞ; hðtÞ ¼ DðtÞxðgÞ;
qiðxÞ ¼ AðtÞwiðgÞ; CiðTÞ ¼ CiTpi ;
KiðwÞ ¼ KiTsi ; Tiðx; tÞ ¼ CðtÞFiðgÞ:
9>=
>; ð4:10Þ
It was concluded that
qðtÞ ¼ EðtÞ; hðtÞ ¼ DðtÞ and qiðxÞ ¼ wiðgÞ; ð4:11Þ
Also; at t ¼ 0 : Cð0Þ ¼ 0 ð4:12Þ
As the general analysis proceeds, the established forms of the
dependent and independent absolute invariants are used to ob-
tain an ordinary differential equation. Generally, the absolute
invariants have the form given in (4.9).
Substituting from (4.10) into (3.2), to get
Fs1ðgÞ
dF1
dg
þ 1
K1
DðtÞ
CsðtÞF1¼X
C4ðtÞ
Csþ1ðtÞF
4
1ðgÞ
E4ðtÞ
Csþ1ðtÞ
 
: ð4:13Þ
where the radiation number X ¼ re
K1
.
For (4.13) to be reduced to an expression in the single inde-
pendent variable g, it is necessary that the coefﬁcients should
be constants or a function of g alone, which gives s= 3 and
hence,
K1ðTÞ¼K1T3; DðtÞ¼ h1C3ðtÞ and EðtÞ¼ q1CðtÞ; ð4:14Þ
where h1 and q1 are arbitrary constants.
Again, substituting from (4.10) into (3.1) and by using
(4.14), to obtain
KiFi
d2Fi
dg2
þ 3Ki dFi
dg
 2
 wiðgÞ
CiT
p
i
T4i
CtF
3
i ¼ 0; ð4:15Þ
which leads to p= 4. Therefore
CiðTÞ ¼ CiT4i ; ð4:16Þ
Also, (4.15) gives
CðtÞ ¼ t: ð4:17Þ
Substitute Eqs. (4.16), (4.17) into Eq. (4.15), to get the follow-
ing ordinary equation
Fi
d2Fi
dg2
þ 3 dFi
dg
 2
 Ci
Ki
wiðgÞF3i ¼ 0; i ¼ 1; 2; 3; 4 ð4:18Þ
subject to the boundary conditionsF31
dF1
dg
þ h1
K1
F1 ¼ XðF41  q0Þ at g ¼ 0; ð4:19Þ
F1ðgÞ ¼ F2ðgÞ; g ¼ L1; ð4:20Þ
K1F
3
1
dF1ðgÞ
dg
¼ K2F32
dF2ðgÞ
dg
; g ¼ L1; ð4:21Þ
F2ðgÞ ¼ F3ðgÞ; g ¼ L2; ð4:22Þ
K2F
3
2
dF2ðx; tÞ
dg
¼ K3F33
dT3ðgÞ
dg
; g ¼ L2; ð4:23Þ
F3ðgÞ ¼ F4ðgÞ; g ¼ L3; t > 0; ð4:24Þ
K3F
3
3
dF3ðgÞ
dg
¼ K4F34
dF4ðgÞ
dg
; g ¼ L3; ð4:25Þ
K4F
3
4
dF4ðgÞ
dg
þ h1F4ðgÞ ¼ 0; g ¼ L4: ð4:26Þ5. Results and discussion
The temperature T of the media (the pavement slab and the
underlying layers) can be described by solving the high order
differential equation (4.18), with the boundary conditions
(4.19) to (4.26) numerically using the shooting method. In this
method, the quality controlled fourth-order Runge–Kutta
technique is used to solve the ordinary differential equations
assuming parameter values for the thermal conductivity K,
thermal capacity C and density q, of the pavement and under-
lying layers are shown in Table 1.
Figure 3 Heat distribution through the depth of all layers of
pavement.
Figure 4 Distribution of ITSM along the depth of all layers of
pavement.
Figure 5 Distribution of the absolute maximum pavement
temperature at a depth of 20 mm through all months of the year.
Figure 6 Distribution of the local maximum pavement temper-
ature at a depth of 20 mm through all months of the year.
Figure 7 Distribution of the local minimum pavement temper-
ature at a depth of 20 mm through all months of the year.
A mathematical model for the distribution of heat through pavement layers in Makkah roads 45The pavement temperature has a large effect on the stiffness
of asphaltic concrete mixture, Fig. 2 shows the relation between
Indirect tensile stiffness modulus (ITSM) and pavement
temperature see Al-Abdulwahhab and Ramadhan, 1995. It
was observed that as the temperature increases the ITSM de-
creases. Fig. 3 shows the heat distribution through the depth
of all layers of pavement, if we assumed the surface temperature
at very high temperatures 50 C, it was noticed that tempera-
tures (>68 C) are attained at a depth of 20 mm and then the
temperatures decrease at each layer to its normal distribution.
Fig. 4 displays the distribution of indirect tensile stiffness
modulus (ITSM) and through the depth of all layers of pave-
ment. It was noticed that the ITSM distribution curve lay
opposite to temperature distribution curve, i.e. it was found
that the minimum point of the indirect tensile stiffness modu-
lus is attained at a depth of 20 mm at the moment of high tem-
peratures (>68 C).
Figs. 5–8 show the distribution of the pavement temperatures
at a depth of 20 mm through all months in the year calculated
from the fourth-order Runge–Kutta program. The maximum
local temperature in a certain month is the largest temperature
during this month, while the absolute maximum temperature
is the largest temperature that can be reached in this month
for several years. The minimum local temperature in a certain
month is the lowest temperature during this month, while the
absolute minimum temperature is the lowest temperature that
can be reached in this month for several years. Fig. 5 shows
the relation between the distribution of the absolute maximumpavement temperature at a depth of 20 mmwith the distribution
of the absolute maximum air temperature through all months in
the year. The air temperature increases gradually, reaching their
maxima at 50 C during the months of June, July and August
and decreasing thereafter and the highest temperature recorded
for the pavement at a depth of 20 mm was 68 C.
Fig. 6 displays the distribution of the local maximum pave-
ment temperature at a depth of 20 mm through all months of
the year. Pavement temperatures remain in the range of 35–
Figure 8 Distribution of the absolute minimum pavement
temperature at a depth of 20 mm through all months of the year.
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46 M.H. Alawi, M.M. Helal50 C for most of the year. High temperatures (>50 C) were
observed at depths of 20 mm of pavement for the months of
June, July and August. The distribution of the local minimum
pavement temperature at a depth of 20 mm through all months
of the year was calculated in Fig. 7. And ﬁnally the distribution
of the absolute minimum pavement temperature at a depth of
20 mm through all months of the year was computed in Fig. 8.
The minimum pavement temperature was recorded on the
pavement surface which matches the lowest air temperature.
Low temperature (<15 C) was observed at 20 mm depth for
only 3% of the time during the winter months only. Annually,
the maximum temperature differences between the top and
bottom are approximately 50 C for the pavement.
Average monthly temperatures and the estimated tempera-
ture from the proposed model are shown in Table 2, where
pavement temperatures at depths 2 cm, 4 cm and 8 cm are
measured by probes. It is noticed that the air temperature
and pavement temperatures increase gradually, reaching their
maxima during the month of August and decreasing thereaf-
ter. It was found that the highest temperatures were measured
at a depth of 2 cm. The difference between the average
monthly temperatures and the estimated temperature do not
exceed 5% for the higher temperature.
Daily temperature variations indicated that the temperature
cycle is directly related to the sunshine. Fig. 9 shows hourly
temperature variation for a typical day in the month of July.
The pavement temperature increases steadily, reaching its peak
at 15:00 h then decreases due to the radiation. In Fig. 9, the
maximum temperature is at the interval 13:00–18:00 h for the
top of the slab (2 cm below the surface).
Actual pavement temperature is required to be considered
in designing ﬂexible pavements. However, temperatures at dif-
ferent depths of the pavement are difﬁcult to measure. There-
fore, prediction models for pavement temperature estimation
from climatic data such as air temperature, cloud cover and so-
lar radiation, have been tried in different parts of the world.
Maximum and minimum pavement temperatures are usually
needed for design, evaluation and analysis of ﬂexible
pavements. In this study, these temperatures are both pre-
dicted from the air temperatures. It was found that the single
most important factor that affects pavement temperature is
the air temperature, which is directly affected by cloud cover
and solar radiation (Fatani et al., 1990). Therefore, using the
Figure 10 Relationship between the air temperature and the
absolute maximum pavement temperature measured at a depth of
20 mm.
Figure 11 Relationship between the air temperature and the
absolute minimum pavement temperature measured at a depth of
20 mm.
Figure 12 Relationship between the air temperature and the
local maximum pavement temperature measured at a depth of
20 mm.
Figure 13 Relationship between the air temperature and the
local minimum pavement temperature measured at a depth of
20 mm.
Figure 9 Ambient air temperature evaluation above pavement
layer and the maximum pavement temperatures in a day during
July month.
A mathematical model for the distribution of heat through pavement layers in Makkah roads 47data in Fig. 10, the recorded absolute temperature at a depth
of 2 cm in the ﬂexible pavement (PAV) has the following rela-
tionship with the corresponding air temperature (AIR):
PAV ¼ 1:2538  ðAIRÞ þ 3:8505;R2 ¼ 0:9612:This regression formula can be used to predict the pavement
temperature from air temperature. Fig. 11 shows the recorded
local temperature at a depth of 2 cm in the ﬂexible pavement
has the following relationship with the corresponding air
temperature:
PAV ¼ 1:175  ðAIRÞ  0:5417;R2 ¼ 0:9788:
The minimum absolute and local pavement temperatures were
recorded on the pavement surface which matches the lowest air
temperature. Figs. 12 and 13 show these two relationships
respectively as follows:
PAV ¼ 1:0725x  ðAIRÞ þ 0:0176;R2 ¼ 0:9956;
PAV ¼ 1:1545  ðAIRÞ  0:1909;R2 ¼ 0:9871:6. Conclusion
The solution of a nonlinear transient heat conduction problem
subject to nonlinear boundary conditions due to a radiation
heat exchange between the pavement surface and the sky
according to the fourth power law has been obtained to deter-
mine heat distribution in the pavement layers of ‘‘Makkah’’
48 M.H. Alawi, M.M. Helalroads. Referring to the numerical results from tables and ﬁg-
ures it is observed that:
 shows the distribution of the heat temperatures through the
depth of all pavement layers and consequently its effects on
the ITSM along the depth of all layers. Therefore, the thick-
ness of the asphaltic pavement must be taken into consider-
ation, increasing ITSM for the upper layers of the asphaltic
pavement and using materials less affected by high
temperature.
 The results show that the maximum pavement temperature
is not on the surface, but rather at a ﬁnite depth from the
surface. This may be explained due to the heat absorption
by the asphalt concrete inside the pavement, and due to
air temperature and wind action on the pavement surface.
 It was noticed that temperatures (>68 C) are attained at a
depth of 20 mm and then the temperatures decreases at each
layer to its normal distribution.
 Pavement temperatures remain in the range of 35–50 C for
most of the year. Low temperature (<15 C) was observed
at 20 mm depth for only 3% of the time during the winter
months only.
 Average monthly temperatures where pavement tempera-
tures at depths of 2 cm, 4 cm and 8 cm are measured by
probes and the estimated temperature from the proposed
model is obtained.
 The results show that the difference between the average
monthly temperatures and the estimated temperature from
the proposed model do not exceed 5% for the higher
temperature.
 The results show hourly temperature variation for a typical
day in the month of July and the pavement temperature
increases steadily, reaching its peak at 15:00 h then
decreases due to the radiation.
In this study, the invariance of (3.1) under translation
group of transformations was used to reduce the number of
independent variables of the problem by one and consequently
the governing partial differential equation with the boundary
conditions to an ordinary differential with the appropriate cor-
responding boundary conditions. The obtained differential
equation is solved numerically via the shooting method to ob-
tain the effects of heat transfer coefﬁcient, density and radia-
tion number on the surface temperature for different
geometrical regions. The main difﬁculty of the problem is
due the nonlinear boundary conditions, and consequently the
analysis of the problem faces many difﬁculties that were an
essential obstacle in many other analytical methods.References
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